Let G be a group. We can topologize the spaces of left-orderings LO(G) and bi-orderings O(G) of G with the product topology. These spaces may or may not have isolated points. It is known that LO(F 2 ) has no isolated points, where F 2 is a free group on two generators. In this paper we show that O(F 2 ) has no isolated points as well.
Introduction
An ordering < of a set X is strict if it is:
1. Irreflexive, i.e. x < x never holds for any x ∈ X.
2. Asymmetric, i.e. x < y and y < x can not hold at the same time for any x, y ∈ X.
3. Transitive, meaning x < y and y < z ⇒ x < z.
It is a strict total ordering if for all x, y ∈ X exactly one of x < y, y < x or x = y holds.
Definition 1.
A group G is called left-orderable if its elements can be given a strict total ordering < which is left invariant, meaning f < g ⇒ hf < hg for all f, g, h ∈ G. Note 1. We use multiplication as group operation, so 1 stands for an identity element of a group.
Elements that are bigger or smaller than an identity of a group are called positive and negative respectively.
Another way to define left-orderability is as follows: Proposition 1. A group G is left-orderable if and only if there exists a subset P ⊂ G such that 1. P · P ⊂ P ;
2. for every g = 1 in G, exactly one of g or g −1 belongs to P .
Such a subset P is called a positive cone.
A group that admits an ordering which is both left and right invariant is called bi-orderable.
Note 2. We consider only bi-orderings. That is why the word "order" means bi-order in this paper, unless otherwise stated.
Proposition 2. A group G is orderable if and only if it admits a subset P satisfying both conditions in Proposition 1, and in addition gP g −1 ⊂ P for all g ∈ G.
Remark 1. Left-orderable groups are torsion-free and therefore infinite.
Proposition 3. The family of orderable groups is closed under: taking subgroups, direct products, free products, quotients by convex normal subgroups.
Moreover, orders on G 1 × G 2 , G 1 * G 2 can be taken as the extensions of orders on G 1 and G 2 . The order on G/N is defined as follows: gN is positive in G/N iff g is positive in G and g / ∈ N.
In particular, free groups are orderable as free products of orderable group Z.
Note 3. Relation F < G also mean inclusion of respective positive cones P F ⊂ P G , if positive cones are specified, in this paper.
The spaces of orderings
In our introduction of the space of orderings we closely follow [1] .
Let X be any set and P(X) be its power set. The power set may be identified with the set of all functions X → {0, 1}, via the characteristic function χ A : X → {0, 1} associated to a subset A ⊂ X. Give {0, 1} the discrete topology, and then one may consider P(X) as the product of copies of {0, 1} indexed by the set X. The product topology is the smallest topology on the power set P(X) such that for each x ∈ X the sets U x = {A ⊂ X | x ∈ A} and U Suppose < is a left-ordering of a group G, and suppose we have a finite string of inequalities g 0 < g 1 < · · · < g n which hold. Then the set of all leftorderings in which all these inequalities hold forms an open neighbourhood of < in LO(G). The set of all such neighbourhoods is a basis for the topology of LO(G). Question 1. How does the topological space LO(G) look like for a given group G?
It is known that LO(G) is a closet subspace of a cantor space P(X). Thus, LO(G) also is a cantor space iff it has no isolated points.
Note 4. Instead of a string of inequalities g 0 < g 1 < · · · < g n equivalently we may consider
A left-ordering of G is isolated in LO(G) if it is the only left-ordering satisfying some finite string of inequalities. Some groups G have isolated points in LO(G), while others do not.
Similarly we define the set O(G) of bi-orderings on the group G to be the collection of all (bi-invariant) positive cones of G.
Let F 2 always denotes a free group with two generators in this paper. It is known that:
Proposition 4. The space LO(F 2 ) has no isolated points.
The key fact of the proof is that each countable left-ordered group embeds into some universal left-ordered group. Consider such embedding of F 2 . An appropriate slight change of generators gives a new realization of F 2 that preserves given inequalities g 0 < g 1 < · · · < g n .
Question 2. How does the topological space O(G) look like for a given group G?
The main result of this paper is the following theorem: Theorem 1. The space O(F 2 ) has no isolated points.
To prove this result we use the same idea as in the proof of LO(F 2 ) case. In Section 4 we define the universal group for bi-ordered groups. As an intermediate step in Section 5 we extend a group to a totally dense group. In Section 6 we prove that each bi-ordered totally dense group group embeds to the universal one. In Section 7 we show how to change the order on F 2 .
Further notation
Let (G, <) be an ordered group, and x, y ∈ G. We will use the following notations:
1.
Equivalently x ∼ y iff x ≫ y and x ≪ y. Note that ∼ is an equivalence relation.
Note 5. C id = {id}, but we do not consider {1} as a class.
We have that Remark 2. Since each bi-ordering is also a left-ordering, therefore each orderable group embeds in Homeo + (R). Furthermore, a countable group G is bi-orderable if and only if each positive element corresponds to a function with a graph above the line y = x.
Note 6. Such embedding is usually called dynamic realization. It is discussed in [1] .
The group Homeo + (R) may be considered as the universal left-orderable group. However it is not bi-orderable. We want to consider it as being a universal for bi-orderable groups. So it is possible only for a partial order. For convenience we will work with Homeo + ([0, 1]) instead of Homeo + (R).
Let's define a partial order on Homeo + ([0, 1]). Define a set P by:
Remark 3. We could choose t(f ) to equal y, but in our construction below it would be more convenient to choose t's from the Cantor set.
Lemma 3. Set P satisfies the following properties:
We have ∀x ∈ [t, 1] :
Now we want to prove f 1 (f 2 (y)) > y. If it is not true, then f 1 (f 2 (y)) = y, so f 1 (y) = f 2 (y) = y, we get a contradiction.
Then for each x ∈ [t, 1] we have:
5 Totally dense groups Definition 3. Ordered group (G, <) is called totally dense (with respect to order <) if:
Definition 4. Let (H, <) be an ordered group.
A pair (h
2. An element h ∈ H is called a peak if there is no h 1 ∈ H s.t. h ≪ h 1 .
Note 7. Ordered group without gaps and peaks is totally dense ordered.
Lemma 4. Any countable ordered group (F, < F ) is a subgroup of some countable totally dense ordered group (G, < G ).
Proof. Let's discuss how to eliminate peaks and gaps of a countable ordered group (H, <).
How to eliminate a peak h ∈ H?
The group Z×H ordered lexicographically does not have the peak h ∈ H, since z ≫ h, ∀h ∈ H, where Z = z is the infinite cyclic group.
How to eliminate a gap (h ′ , h ′′ )? To remove the gap we want to construct a new group H 1 that has a form free product H * Z quotient by some relations, where Z = z infinite cyclic.
We will have that the order on H 1 satisfies h ′ ≪ z ≪ h ′′ , and H < H 1 with P H ⊂ P H 1 . In fact, we add a new generator z to H, and put it between h ′ and h ′′ to remove the gap.
Define
Here h i M is a left coset of M. We view (z ǫ
Then the inverse is defined as follows:
Let's define an order on H 1 . First define ≪:
Define positive cone P 1 on H 1 : write any element in
hmM , where k 1 , . . . , k m ∈ Z\{0}, and z h 1 M ≫ · · · ≫ z hmM . Then f ∈ P 1 if either h ≫ z h 1 M and h ∈ P (where P is the positive cone of H), or h ≪ z h 1 M and k 1 > 0. Then P 1 is a positive cone, and P ⊂ P 1 . In H 1 the gap (h ′ , h ′′ ) is eliminated now. Now enumerate all gaps and peaks of F . Consider the chain F = F (0) < F (1) < F (2) < . . . of subgroups, on each step we eliminate a gap or a peak with respective number.
. Group G 0 is ordered group without any gaps or peaks of of F = F (0) , but with possible new gaps and peaks. Each F (i) is countable, since we add only one generator at each step, so G 0 is countable. Construct
without gaps and peaks of G 0 . Construct chain F < G 0 < G 1 < . . . . Let G = i G i . Then G is countable totally dense.
Dynamic Realization
Let C be the Cantor set and let I be the set of intervals of [0, 1] \ C.
We will use letters I, J to denote intervals of I.
Note 10. I = (p, q) ∈ I iff p, q ∈ C and (p, q) ∩ C = ∅.
We have a natural order on I, (p, q) = I < J = (p ′ , q ′ ) iff p < p ′ . I is dense with this order.
For each interval I ∈ I we fix increasing bijection σ I : I → R.
Lemma 5. Each countable totally dense ordered group G is order-preserving isomorphic to some ordered subgroup F < Homeo + ([0, 1]).
Proof. For each g ∈ G we will choose f = f g ∈ Homeo + ([0, 1]) such that
I , I ∈ I, J = f (I) belongs to Homeo + (R) realization of some ordered group S.
Note 11. Here S is bi-ordered (not just left-ordered) group.
Condition 1) implies that for any
Denote the restriction of a function f to the interval I by f | I , or by f | I →J , to indicate that f (I) = J. Let's construct f g (C), g ∈ G now. Using Cantor's back and forth argument we can construct the orderpreserving bijection τ between classes of G and I.
We will write τ (g) = I if τ (C g ) = I. Define function t : G \ {1} → (0, 1) as follows: t(g) = p, if τ (g) = (p, q), i.e. t(g) is the left endpoint of the interval τ (g).
Let g, g 1 ∈ G and let t(g 1 ) = p, t(g g 1 ) = p 1 , then we define f g (p) = p 1 . Now f g is defined on all left endpoints of intervals of I. By continuity we can extend this definition on all C. By monotonicity of f g we also know f (I) for each I ∈ I (but not f | I ). Remark 6. For g ≪ g 1 , we have g 1 ∼ g g 1 , and so f g (t(g 1 )) = t(g 1 ). It is easy to see that f g (t) = t for t ∈ C, t > t(g). In fact, we will have f g (t) = t, t ∈ [q, 1], where q is the right endpoint of the interval (t(g), q) = τ (g). Now condition 1) is satisfied.
Note that each I ∈ I belongs to exactly one orbit. For each orbit O i we fix I i ∈ I, such that O i = O(I i ).
Let φ g,I be a formal element, g ∈ G, I ∈ O i , that we associate with
Fix g i , such that τ (g i ) = I i , and for each I ∈ O i fix g I , such that f g I (I i ) = I. Note that g I depends on I only, since orbit O i = O(I) is determined uniquely.
Let H be a free group generated by all φ g,I , g ∈ G, I ∈ I. Define a homomorphism ψ :
Let now S be a free product of all H i /K i . In this product we have exactly one term for each orbit O i .
So we have
I . Now we know all f g | I , I ∈ I, and so all f g , g ∈ G.
Check now that the construction above is correct, i.e
2. ρ is preserves order, i.e. f g > id iff g > 1.
1. We need to check that
Let I ∈ I and τ (g) = I.
, and
So, it is sufficient to show that
Let f g 2 (I) = J and f g 1 (J) = J 1 . Consider φ g 1 g 2 ,I , φ g 1 ,J , and φ g 2 ,I
. We have
on other side
Consider f g | I now. The only difference is that now τ (g
So we have that f g (t) = t, t ∈ [q, 1], f g (t) ≥ t, t ∈ [p, q], and f g (t) > t for some t ∈ (p, q). So f g > id.
Corollary 1. Ordered group F 2 is order-preserving isomorphic to some subgroup of Homeo + ([0, 1]).
Proof. By Lemma 4 we have F 2 < G for some totally dense group G. By Lemma 5, G is order-preserving isomorphic to F < Homeo + ([0, 1]) . Let a, b be generators of F 2 . Then the group, generated by f a , f b , is the desired subgroup.
Change of order
Let an order P on F 2 and positive elements x 1 , . . . , x n ∈ P are given. We want to construct a new order P ′ = P , such that x 1 , . . . , x n ∈ P ′ . We have a dynamic realization of F 2 =< a, b >, which is determined by f a and f b .
Let x = c 1 . . . c n ∈ F 2 , where c i ∈ {a, b, a
The sign of x is determined by behaviour of the function f x on the interval [t(f x ), 1]. To define f x on this interval it is sufficient to know
where k = 1, . . . , n. Thus the sign of each element x ∈ F 2 does not depend on behavior of f a , f b on [0, q] for sufficiently small q = q(x).
Choose q such that signs of x 1 , . . . , x n does not depend on behavior of f a , f b on [0, q], i.e. q ≤ min{q(x 1 ), . . . , q(x n )}. Let also q be the right end of some interval [p, q] ∈ I. Without loss of generality assume that f a (q) ≤ f b (q) ≤ q.
Our plan is to change f a , f b on [0, q]. Before that we need to slightly change construction in Lemma 5.
We replace S with
∞ =< γ b,I |I ∈ I > are infinitely generated free groups.
In the realization we replace φ g,I with γ −1 J φ g,I γ I , where J = f g | I . This guaranties that ψ g,I = 1, when I = J. In case I = J, it is a conjugation, so it does not change the order. The part F ∞ will be used later on. We write g < I, when we have τ (g) < I.
Let's change f a , f b on [0, q] ∩ C (so that they are still order-preserving bijections on C).
For all I < q define f a | I →J := σ Define
When we change J j to J j+1 we either decrease l (the number of V i k ,J = id), or the number of c i = u i,J , for any J < J j (in particular, for J = J j+1 ), the number of v i,J is nonincreasing. So the process terminates, and the final J j = I is the highest interval, on which f g = id. Then f g | I is associated with some element of ordered group S ′ . The sign of this element is the sign of f g , so also the sign of g. Now we are ready to prove the main result.
Theorem 7. The space O(F 2 ) has no isolated points.
Proof. Lemma 6 states that any appropriate change of f a , f b on [0, q] provides some order. By the choice of q this change does not effect the signs of x 1 , . . . , x n . So, it is sufficient to show how to create a new order.
Let G > F 2 be a totally dense group that was used to construct old f a , f b . Then there exists g ∈ G, such that τ (g) = I = (p, q). By the construction from Lemma 4 there exists f ∈ F 2 \ {1} such that f ≪ g. Let x 1 < · · · < x n . Assume that for any y ∈ F 2 , x y 1 ≫ f . Then L := {x ∈ F 2 | x ≪ x y 1 ∀y ∈ F 2 } is a nonempty convex normal subgroup of F 2 , since f ∈ L. In this case we change order on L, i.e. the new order is P ′ = P \ L ∪ (P −1 ∩ L). Let now x y 1 ≪ g, for some y ∈ F 2 . Consider sequence z 0 = x 1 , z i = z c i i−1 , where c i ∈ {a, b, a −1 , b −1 } is chosen so z i is the smallest possible (in the old order P ). Let n be the smallest index so z n ≪ g. Note that (p n , q n ) = τ (z n ) = f cn...c 1 (τ (x)) does not change after changes of f a , f b on [0, q], since n has been chosen so q n < q, but q i ≥ q, i < n.
Since q n < q, we may choose any sufficiently small f a (q n ) and f a (q n ) (by the back and forth we can always continue f a , f b bijectively on C).
Consider x 0 = z a n z b n −1 . If x 0 > P 1, we choose f a (q n ) < f b (q n ), so then x 0 < P ′ 1; if x 0 < P 1, we choose f a (q n ) > f b (q n ), so then x 0 > P ′ 1.
Corollary 2. The space O(F 2 ) is a Cantor space.
